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Nonsemisimple Hopf algebras of dimension 8p with the Chevalley property
Margaret Beattie, Gasto´n A. Garc´ıa, Siu-Hung Ng, and Jolie Roat
Abstract. Let p be an odd prime and k an algebraically closed field of characteristic zero. We classify
nonsemisimple Hopf algebras over k of dimension 8p with the Chevalley property, and give partial results
on nonsemisimple Hopf algebras of dimension 24.
1. Introduction
It was conjectured by Kaplansky [K] that there are only finitely many isomorphism classes of finite-
dimensional Hopf algebras over k for any given dimension. This conjecture was shown to be false by
counterexamples of dimension p4 with p an odd prime [AS1, BDG, Ge2], but it is true for dimension 16
[GV]. However, the module categories over Hopf algebras of dimension 32 yield infinitely many inequivalent
finite tensor categories [EG]. In particular, there are infinitely isomorphism classes of Hopf algebras of
dimension 32, see [B], [Gr3].
In the past two decades, Hopf algebras in a dimension which is factorized with few primes have been
classified (cf. [BG2]). As a consequence, the number of isomorphsim classes of Hopf algebras of dimensions
less than 32 but not equal to 24 is known to be finite. Semisimple Hopf algebras of dimension 24 with a
C∗-structure were classified in [IK], but the general classification without C∗-structure remains open. In
the nonsemisimple case, pointed Hopf algebras of dimension 24 are classified and there are finitely many of
them up to isomorphism. However, not all the 24-dimensional Hopf algebras are pointed.
The family of Hopf algebras with the Chevalley property consists of Hopf algebras whose coradical
forms a Hopf subalgebra. For example, pointed Hopf algebras have the Chevalley property. In fact, there
exist 8p-dimensional Hopf algebras with the Chevalley property which are not pointed for each odd prime
p, see Proposition 3.14. In this paper, in addition to some new general results, we will provide a complete
classification of nonsemisimple Hopf algebras of dimension 8p with p an odd prime, which have the Chevalley
property. Even though this result brings us one step closer to the complete classification of 24-dimensional
nonsemisimple Hopf algebras, it remains unknown whether there exists any Hopf algebra H of dimension
24 such that neither H nor H∗ has the Chevalley property. Nevertheless, some new observations of 24-
dimensional Hopf algebras are presented in the last section of the paper which could be essential to the
complete classification.
The paper is organized as follows. In Section 2 we introduce several definitions and conventions that will
be needed along the paper. We also provide some descriptions on Hopf algebras with respect to their coalgebra
structure and study pointed Hopf algebras over the group given by the semidirect product Γ4p = Cp ⋊χ C4.
In Section 3 we collect some facts on nonsemisimple Hopf algebras of dimension 8p and prove our main result
in Theorem 3.16. The last section is devoted to the study of nonsemisimple Hopf algebras of dimension 24.
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2. Preliminaries
2.1. Definitions and Conventions. We work over an algebraically closed field k of characteristic
zero. Let H be a finite-dimensional Hopf algebra over k with antipode S. We use Sweedler’s notation
∆(h) = h1⊗ h2 for the comultiplication in H , but dropping the summation symbol, see [S]. The readers are
referred to [Mo] for details on the basic definitions of Hopf algebras.
The coradical H0 of H is the sum of all simple subcoalgebras of H . In particular, if G(H) denotes the
group of group-like elements of H , we have kG(H) ⊆ H0. We write H0 =
⊕
d≥1H0,d, where H0,d denotes the
direct sum of the simple subcoalgebras of H of dimension d2. By the Nichols-Zoeller Theorem, its dimension
is divisible by the order of the group of group-like elements (see [AN]).
We say that a Hopf algebraH is pointed if H0 = kG(H), and it is called basic if all the simple H-modules
are 1-dimensional. Since H is finite-dimensional, H is basic if and only if H∗ is pointed.
We denote by {Hi}i≥0 the coradical filtration of H . If H0 is a Hopf subalgebra of H , then
grH =
⊕
n≥0
grH(n)
is the associated graded Hopf algebra, where grH(n) = Hn/Hn−1 for n ≥ 0 and H−1 = 0. Let π : grH → H0
be the homogeneous projection. Then
R = (grH)coπ := {r ∈ grH | (id⊗π)∆(r) = r ⊗ 1}
is called the diagram of H , which is a braided Hopf algebra in the category H0H0YD of left Yetter-Drinfeld
modules over H0, and it is a graded subalgebra of grH . The linear subspace R(1) of homogeneous elements
of R of degree one, with the braiding from H0H0YD, is called the infinitesimal braiding of H and coincides with
the subspace of primitive elements
P = {r ∈ R | ∆R(r) = r ⊗ 1 + 1⊗ r} ,
where ∆R denotes the comultiplication of R. It turns out that the Hopf algebra grH is the Radford biproduct
(or Magid bosonization) grH ≃ R#H0 (cf. [Ra, Ma]). The subalgebra of R generated by R(1) = V is
isomorphic to the Nichols algebra B(V ). If H0 = kG is a group algebra, we denote the category of Yetter-
Drinfeld modules simply by GGYD. Specifically, a left Yetter-Drinfeld module over kG is a finite-dimensional
G-graded k-linear space M = ⊕h∈GMh with a left kG-module (M, ·) structure such that
δ(g ·m) = ghg−1 ⊗ g ·m, ∀ m ∈Mh, g, h ∈ G.
Here δ is left kG-comodule structure on M given by the G-grading, namely with δ(m) = h⊗m for m ∈Mh.
Yetter-Drinfeld modules over G are completely reducible and the irreducible ones are parametrized by
pairs (O, ρ), where O is a conjugacy class of G and (ρ, V ) is an irreducible representation of the centralizer
CG(σ) of a fixed element σ ∈ O: Then the irreducible Yetter-Drinfeld module M(O, ρ) is the induced kG-
module kG ⊗kCG(σ) V . Let 1 = g1, . . . , gn be a complete set of left coset representatives of CG(σ) in G.
Then σi = giσg
−1
i , i = 1, . . . , n, are all the elements of O and M(O, ρ) =
⊕
i≤1≤n gi⊗V . The kG-comodule
structure onM(O, ρ) is given by δ(giv) = σi for all i = 1, . . . , n, where giv denotes the element gi⊗v ∈ gi⊗V .
In particular, dimM(O, ρ) = |O| dimV . We denote the corresponding Nichols algebra by B(O, ρ). For the
definition of Nichols algebras and basic facts, we refer the reader to [A].
Throughout this paper, the cyclic group of order ℓ is denoted by Cℓ. For n ∈ N, n ≥ 3, the dihedral
group of order 2n is denoted by Dn; we will use the presentation
Dn = 〈a, y | a2 = yn = 1, aya = y−1〉.
The dicyclic group of order 4n, denoted by Dicn, has the presentation
Dicn = 〈x, y | x4 = yn = 1, xyx−1 = y−1〉.
Let N be a positive integer and let q ∈ k be a primitive N -th root of unity. The Taft algebra Tq is
the k-algebra generated by the elements g and x satisfying the relations xN = 0 = 1 − gN , gx = qxg. It is
a Hopf algebra with its coalgebra structure determined by g being group-like and x a (1, g)-primitive, i.e.,
∆(g) = g ⊗ g and ∆(x) = x ⊗ 1 + g ⊗ x. It is self-dual and pointed of dimension N2. If N = 2 so that
q = −1, then T−1 is called the Sweedler algebra and will be denoted by H4 throughout this article.
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Recall that a tensor category C over k has the Chevalley property if the tensor product of any two
simple objects is semisimple. We shall say that a Hopf algebra H has the Chevalley property if the category
Comod (H) of H-comodules does. In particular, H has the Chevalley property if and only if the coradical is
a Hopf subalgebra.
Remark 2.1. In some literature (for example [NN]), H is said to have the Chevalley property if H-mod
does. In this case, H has the Chevalley property if the Jacobson radical of H is a Hopf ideal.
2.2. On simple coalgebras, group-likes and skew-primitives. In this subsection we collect some
structural results that will be needed later.
Recall that H is a free left and a free right H∗-module of rank 1 via the H∗-actions ⇀ and ↼ defined
by
f ⇀ h = f(h2)h1 and h ↼ f = f(h1)h2, for all f ∈ H∗ and h ∈ H.
Thus, a finite-dimensional k-linear space V is a right (resp. left) H-comodule if and only if V is a left (resp.
right) H∗-module. If σ is an algebra automorphism of H∗, then V can be turned into another left H∗-module
σV with the H
∗-action twisted by σ, namely
f · v := σ(f)v, for f ∈ H∗ and v ∈ V.
Lemma 2.2. Let C be a 4-dimensional simple coalgebra over k and T : C → C a coalgebra automorphism
with finite order. If Tr(T ) = 0, then ord(T ) = 2.
Proof. Let n = ord(T ). By [S¸97, Theorem 1.4 (b)], there is a primitive n-th root ω ∈ k and a basis
{eij}i,j=1,2 of C such that T (eij) = ωi−jeij . Thus, Tr(T ) = (1 + ω)(1 + ω−1) which is zero, if and only if,
ω = −1. Therefore, n = 2. 
Lemma 2.3. Let H be a finite-dimensional Hopf algebra that admits a decomposition of coalgebras
H = C ⊕ C′ with C simple. Then C is invariant under S−2 ◦ L(a), where a is the distinguished group-like
element of H and L(a) denotes the left multiplication operator on H by a. Moreover, TrC(S−2 ◦ L(a)) = 0
provided a is nontrivial. If, in addition, dimC = 4, then S4|C = L(a2)|C .
Proof. Let I be a simple right coideal of H such that ∆(I) ⊂ I ⊗ C. Then C ∼= dim(I)I as right H-
comodules and hence left H∗-modules. In particular, I is a simple projective H∗-module. By [Ng, Lemma
1.1], we have that I ∼= k
â−1
⊗ I∨∨, where I∨ denotes the left dual of I in the category of finite-dimensional
H∗-modules, and xˆ ∈ H∗∗ denotes the image of x ∈ H under the natural isomorphism of H ≃ H∗∗. In
particular, I ∼= σI where σ = (S∗)2 ◦ R(â−1) (cf. [Ng, Lemma 1.2]). Therefore, the annihilator ideal
annH∗ I is invariant under the automorphism σ. Note that σ = τ
∗ where τ = S2 ◦ L(a−1) is a coalgebra
automorphism. Since annH∗ I = C
⊥, we find σ(C⊥) = C⊥ and hence C is invariant under τ .
Since I ∼= σI as H∗-modules, C ∼= σC as H∗-modules. To complete the proof, by [Ng, Lemma 1.2], it
suffices to show that τ−1 : C → σC is a H∗-module homomorphism. For f ∈ H∗ and c ∈ C,
σ(f)⇀ τ−1c = σ(f)(τ−1c2)τ
−1c1 = f(τ(τ
−1c2))τ
−1c1 = f(c2)τ
−1c1 = τ
−1(f ⇀ c) .
Therefore, τ−1 ∈ HomH∗(C, σC). The last assertion follows then by Lemma 2.2. 
Lemma 2.4. Let H be a finite-dimensional Hopf algebra and A a Hopf subalgebra. Suppose H admits
a subcoalgebra decomposition H = A ⊕ C for some subcoalgebra C of H . Then H and A have a common
distinguished group-like element.
Proof. Let λ be a nonzero right integral ofH∗. Then, for all h ∈ H , h ↼ λ = λ(h)1 and λ ⇀ h = λ(h)a
where a is the distinguished group-like element of H . Note that for c ∈ C, we have λ(c) = 0. Otherwise,
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λ(c)1 = λ(c1)c2 ∈ C and hence 1 ∈ C, which contradicts that C ∩ A = 0. Therefore, λ|A 6= 0 and it is a
right integral of A. Let h ∈ A such that λ(h) 6= 0. Then
a = λ(h)−1λ(h2)h1 ∈ A .
Thus, a is the distinguished group-like element of A. 
The following proposition is a refined version of [BG, Proposition 2.17] and [HN, Proposition 1.3].
Proposition 2.5. Let π : H → A be a Hopf algebra epimorphism and assume dimH = 2dimA. Then
Hcoπ = k{1, x} with x a (1, g)-primitive element, g ∈ G(H) and 2 | ord g. Moreover, if x is a trivial skew-
primitive, i.e., a nonzero scalar multiple of 1 − g, then ord g = 2 and H fits into an exact sequence of Hopf
algebras kC2 →֒ H ։ A. If x is nontrivial, then x2 = 0 and H contains a Hopf subalgebra of dimension
2 ord(g); in particular, 4 | dimH . 
2.3. On pointed Hopf algebras over Γ4p. Our main results will involve Hopf algebras whose corad-
ical is a semisimple Hopf algebra of dimension 4p for p an odd prime. To this end, we need some results on
the simple representations of the group Γ4p. Recall that for p a prime congruent to 1 mod 4, Γ4p is defined
to be the group given by the semidirect product Γ4p = Cp ⋊χ C4 where Cp = 〈y〉, C4 = 〈x〉 are the cyclic
groups of order p and 4, respectively, and χ(x)(y) = yℓ, where ℓ = p−12 . Moreover, Γ4p has the presentation
Γ4p = 〈x, y : x4 = 1 = yp, xy = yℓx〉,
and it has 4 + p−14 conjugacy classes and hence Γ4p has 4 +
p−1
4 simple representations. Among them,
4 are one-dimensional, say α0, . . . , α3, which are given the quotient Γ4p/Cp. The remaining
p−1
4 simple
representations are 4-dimensional, say (β1, V1), . . . , (β p−1
4
, V p−1
4
).
Denote by ω a primitive 4th root of unity and by q a primitive pth root of unity.
Conjugacy class O Centralizer Irrepn. ρ dimM(O, ρ)
e Γ4p αj , 0 ≤ j ≤ 3 1
βj, 1 ≤ j ≤ p−14 4
Oxm = {xm, yxm, . . . , yp−1xm},
| Oxm |= p, 0 < m < 4
〈x〉 ≃ C4 χj, χj(x) = ωj
0 ≤ j ≤ 3
p ≥ 5
Oyk = {yk, ykℓ, ykℓ
2
, ykℓ
3},
| Oyk |= 4, 1 < k ≤ p−14
〈y〉 ≃ Cp ψs, ψs(y) = qs
0 ≤ s < p
4
Table 1. Γ4p, with p ≡ 1 mod 4.
Lemma 2.6. Assume either O is trivial or O = Oyk for 1 < k ≤ p−14 . Then dimB(O, ρ) is infinite for ρ
any simple representation of Γ4p or simple representation of Cp, respectively.
Proof. Assume first that O = {e} and let (ρ, V ) be a simple representation of Γ4p. Then M(O, ρ) = V
is the kG-module V with the trivial G-grading. This implies that c(v ⊗ w) = w ⊗ v for all v, w ∈ V ; in
particular, c(v ⊗ v) = v ⊗ v. Consequently, dimB(O, ρ) is infinite, since it contains the polynomial algebra
in v.
Assume now that O = Oyk = {yk, ykℓ, ykℓ
2
, ykℓ
3} = {yk, xykx−1, x2ykx−2, x3ykx−3} for some k 6= 0.
Since CΓ4p(y
k) = 〈y〉 ≃ Cp, all simple representations are one-dimensional, say ψ0, . . . , ψp−1 with ψs(y) = qs.
Then M(Oyk , ψs) =
⊕3
j=0 x
j ⊗ k1. If we denote wj = xj ⊗ 1, we have that
x · wj = wj+1, y · wj = qsℓ
4−j
wj , and δ(wj) = y
kℓj ⊗ wj for all j ∈ Z4.
In particular, the formula for the braiding equals
c(wr ⊗ wt) = ykℓ
r · wt ⊗ wr = qksℓ
r+4−t
wt ⊗ wr for all 0 ≤ r, t < 4;
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that is, M(Oyk , ψs) is a braided vector space of diagonal type. If s = 0, then c(wr ⊗ wt) = wt ⊗ wr, which
implies that dimB(Oyk , ψ0) = ∞. Assume s 6= 0 and denote ξ = qks. Then by [H, Theorem 17], we have
that dimB(Oyk , ψs) =∞ for all 0 < s < p. 
Remark 2.7. For 0 < m < 4, consider the conjugacy class O = Oxm = {xm, yxmy−1, . . . , yp−1xmy1−p},
and let χk be the one-dimensional representation of Γ4p given by χk(x) = ω
k for 0 < k < 4. Then,
M(Oxm , χk) =
⊕p−1
j=0 y
j ⊗ k1; in particular, dimM(Oxm , χk) = p. If we write vj = yj ⊗ 1 for 0 ≤ j < p, we
have that
x · vj = ωkvjℓ+1, y · vj = vj+1, and δ(vj) = yj(1−ℓ
m)xm ⊗ vj for all j ∈ Zp.
In particular, the braiding equals
c(vr ⊗ vt) = yr(1−ℓ
m)xm · vt ⊗ vr = ωmkvtℓm+r(1−ℓm) ⊗ vr for all 0 ≤ r, t < p.
Consequently, if mk ≡ 0 mod 4, we have that c(v0 ⊗ v0) = xm · v0 ⊗ v0 = v0 ⊗ v0, which implies that
dimB(Oxm , χk) = ∞. If mk 6≡ 0 mod 4, pointed Hopf algebras with group of points Γ4p do occur, see
[Gr4], [AG].
3. Nonsemisimple Hopf algebras H of dimension 8p
Throughout this section, we assume that H is a nonsemisimple Hopf algebra of dimension 8p, with p an
odd prime unless specified otherwise. For each β ∈ G(H∗), the 1-dimensional H-module associated with β
is denoted by kβ . In particular, kε is the trivial 1-dimensional H-module. We denote the Jacobson radical
of H by J(H), and the projective cover of an H-module V by P (V ).
3.1. Nonsemisimple Hopf algebras H of dimension 8p with |G(H)| = 2p. In this subsection we
improve upon the results of [BG2] for H a nonsemisimple nonpointed Hopf algebra of dimension 8p and
group likes of order 2p, p an odd prime. We begin by recalling the well-known structure of the pointed Hopf
algebras of dimension 4p.
Remark 3.1. For p an odd prime, nonsemisimple pointed Hopf algebras of dimension 4p were described
in [AN, A.1] and for p = 2 the pointed Hopf algebras of dimension 8 are well-known and were described
for example in [S¸97]. In the first case, all such Hopf algebras H have G(H) ≃ C2p. The pointed Hopf
algebras of dimension 8 can have group-likes of order 2 or 4 and, if order 4, can have group of group-likes
isomorphic to the Klein 4-group or to the cyclic group of order 4. In either case (p odd or p = 2), there are 4
nonisomorphic Hopf algebras with group-likes of order 2p as listed below. Here g, h are group-like elements,
x is skew-primitive and λ is a primitive 2pth root of unity.
A(−1, 0) :=k〈g, x | g2p − 1 = x2 = gx+ xg = 0〉, ∆(x) = x⊗ 1 + g ⊗ x.
A(−1, 0)∗ :=k〈g, x | g2p − 1 = x2 = gx− λxg = 0〉, ∆(x) = x⊗ 1 + gp ⊗ x.
A(−1, 1) :=k〈g, x | g2p − 1 = x2 − g2 + 1 = gx+ xg = 0〉, ∆(x) = x⊗ 1 + g ⊗ x.
H4 ⊗ kCp :=k〈g, h, x|h2 − 1 = gp − 1 = x2 = gh− hg = hx+ xh = gx− xg = 0〉, ∆(x) = x⊗ 1 + h⊗ x.
In the case p = 2, we write A8(−1, 1) to emphasize it is 8-dimensional. Note that A8(−1, 1) = A′′4 in
[S¸97] notation.
The dual of A(−1, 1) is nonpointed and as a coalgebra is isomorphic to H4 ⊕M∗(2, k)p−1. On the
other hand, the Hopf algebras A(−1, 0) and A(−1, 1) do not have Hopf subalgebras isomorphic to H4 but
A(−1, 0)∗ and H4 ⊗ kCp do. In all four cases, S4 = id. The distinguished group-like elements of A(−1, 0),
A(−1, 0)∗ and A(−1, 1) are respectively g, g and gp in the above convention.
The following is known from [BG2].
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Proposition 3.2. [BG2, Propositions 4.5, 4.6, 4.7] Let H be a nonsemisimple nonpointed Hopf algebra
of dimension 8p and group-likes of order 2p, p an odd prime. Then:
(a) H contains a pointed Hopf subalgebra A of dimension 4p. As a coalgebra H ≃ A⊕M∗(2, k)p and
H0 ≃ kC2p ⊕M∗(2, k)p and so has dimension 6p.
(b) H∗ does not have a Hopf subalgebra isomorphic to H4.
(c) |G(H∗)| is 2 or 4.
(d) Suppose either
(i) A∗ is nonpointed (so that A is isomorphic to A(−1, 1)), or
(ii) A∗ is pointed and H∗ has a nontrivial skew-primitive,
then H∗ has a Hopf subalgebra isomorphic to A8(−1, 1).
Now we strengthen the results above.
Lemma 3.3. Let H be an 8p-dimensional nonsemisimple Hopf algebra with |G(H)| = 2p such that H and
H∗ are nonpointed. Then H contains a pointed normal Hopf subalgebra A, isomorphic to either A(−1, 1)
or A(−1, 0), and fits into the exact sequence 1 → A → H → kC2 → 1, which has the dual exact sequence
1 → kC2 → H∗ π−→ A∗ → 1. Furthermore, G(H∗) ≃ C4 and H∗ has a Hopf subalgebra Y isomorphic to
A8(−1, 1) with image in A∗ isomorphic to H4.
Proof. Let A be the Hopf subalgebra of H given by Proposition 3.2 (a), and write π : H∗ → A∗ for the
induced surjection. By Proposition 2.5, R = H∗coπ is either a group algebra of dimension 2 or it is generated
by a nontrivial (1, g)-primitive y with y2 = 0 and 2 | ord(g). Assume the latter case. As R is left-normal,
it follows that h1yS(h2) ∈ ky for all h ∈ H∗. Thus, hy = h1yS(h2)h3 = cyk with c ∈ k and k ∈ H+,
which implies that H∗y ⊂ yH∗. Therefore, yH∗ = R+H∗ is a Hopf ideal of H∗ and H∗/R+H∗ ∼= A∗. In
particular, dimR+H∗ = 4p. As y2 = 0, it follows that R+H∗ ⊂ J(H∗). But since dimH0 = 6p, we have
that dim J(H∗) = 2p, a contradiction. Therefore, R is a 2-dimensional normal Hopf subalgebra of H∗, and
hence A is a normal Hopf subalgebra of H .
Let e0, . . . , e2p−1 be the primitive idempotents ofK = kG(H). Since H is a freeK-module, dimHei = 4.
Therefore, dimP ≤ 4 for all principal projective H-modules P . Suppose H∗ has only trivial skew-primitive
elements. Then P (k) must have a simple constituent V with dimV > 1. This implies dimP (V ∗) > 4, giving
a contradiction and so showing that H∗ has a nontrivial skew-primitive. Thus by Proposition 3.2 (d), H∗
contains a Hopf subalgebra Y isomorphic to A8(−1, 1). By the structure of A8(−1, 1) and by Proposition
3.2 (c), G(H∗) ≃ kC4.
Write 1→ k〈β〉 → H∗ → A∗ → 1 with β a group-like element of order 2. Suppose that Y is generated
by the (1, α)-primitive y, where α has order 4. Then β = α2 and π(β) = 1. Thus the image of G(H∗) under
π is kC2 ≃ k〈π(α)〉. Since y /∈ H∗coπ, then π(y) 6= 0 so that π(y) is a nontrivial (1, π(α))-primitive. and
π(A8(−1, 1)) is isomorphic to H4. Then A∗ must contain a Hopf subalgebra isomorphic to H4, so that by
Remark 3.1, A is isomorphic to either A(−1, 1) or A(−1, 0). 
We end this subsection with the following theorems.
Theorem 3.4. Let H be an 8p-dimensional nonsemisimple Hopf algebra with |G(H)| = 2p such that
both H and H∗ are nonpointed. Then ord(S2) = 2p.
Proof. By Lemma 3.3 and Remark 3.1, H contains a pointed 4p-dimensional Hopf subalgebra A gener-
ated by a group-like element g of order 2p and a (1, g)-primitive element x, and H = A⊕H0,2 as coalgebras.
Note that, S4|A = idA and by Lemma 2.4, g is the distinguished group-like element of H . Let D be a simple
subcoalgebra of dimension 4. By Lemmas 2.2 and 2.3, there exists a matrix basis {e11, e22, e21, e12} of D
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such that S2(eij) = (−1)i−jgeij . Since G(H) acts on the 4-dimensional simple subcoalgebras of H , gpD = D
and so S2p(D) = D. If gD = D, then D is a left (k〈g〉, H)-Hopf module and hence D must be free over k〈g〉.
This is not possible since dimD = 4. Therefore, gD 6= D. In particular, S2(D)∩D = 0 and p | ord(S2) | 4p.
Suppose S2p|D = id. Then the subalgebra K of H generated by k〈g〉 ⊕D is a sub-bialgebra (and hence
a Hopf subalgebra) of dimension > 4p. Therefore, K = H and hence S2p = id. This implies S2p|A = id.
However, since A is a pointed nonsemisimple Hopf algebra of dimension 4p, ord(S2|A) = 2, a contradiction.
Therefore, ord(S2|H0,2) = 2p = ord(S2). 
Theorem 3.5. Let H be a Hopf algebra of dimension 2np over k, where n ≥ 0 and p is an odd prime.
If H has a semisimple Hopf subalgebra of dimension 2n, then H is semisimple.
Proof. Suppose H has a semisimple Hopf subalgebra K of dimension 2n, and let S be the antipode of
H . We consider three cases to show that H must be semisimple.
First, suppose that H contains a group-like element a of order p. Define K to be the k-subalgebra of H
generated by C = K ⊕ k 〈a〉. Then, K is a Hopf subalgebra and dimK > 2n, and so K = H . Further, since
C is the direct sum of two semisimple Hopf algebras as a vector space, S2|C = idC and so S2 = idH . Hence
H must be semisimple.
Next suppose that H∗ contains a group-like element α of order p. Let π : H∗ → K∗ be the Hopf algebra
surjection dual to the inclusion of K in H . Since ord(π(α)) | dimK, π(α) = 1 and so α ∈ (H∗)coπ. Thus
k 〈α〉 ⊂ (H∗)coπ. However, since dim(H∗)coπ = p, we actually have k 〈α〉 = (H∗)coπ and thus the exact
sequence
1→ kCp → H∗ → K∗ → 1
of Hopf algebras. Since kCp and K
∗ are semisimple, so is H∗ and thus so is H .
Finally suppose that neither H nor H∗ has any group-like element of order p. By Radford’s formula, we
have (S4)2n = idH . In particular, ord(S2) is a 2-power. Let e be the normalized integral of K. Since H is a
free right K-module, dimHe = p.
Suppose H is not semisimple. It follows from [RS, Lemma 3] that Tr(S2 ◦ R(e)) = 0 and hence
Tr(S2|He) = 0. However, we know dimHe = p and the order of S2 is a 2-power, so by [HN, Lemma 1.8],
Tr(S2|He) 6= 0, a contradiction! Therefore, H is semisimple. 
3.2. Nonsemisimple Hopf algebras of dimension 8p with the Chevalley Property. Throughout
this subsection, we assume that H is a Hopf algebra of dimension 8p, p an odd prime. If H has the
Chevalley property, by the Nichols-Zoeller Theorem, the dimension n of H0 must be a divisor of 8p, i.e.,
n ∈ {2, 4, 8, p, 2p, 4p, 8p}. If H is not pointed, since the only semisimple Hopf algebras of dimension 2, 4, p
are group algebras, it follows that n ∈ {8, 2p, 4p}.
Assume L is a semisimple Hopf algebra of dimension 8. By [Mk1], L is isomorphic to one of the following
Hopf algebras:
• kC8, k(C2 × C4), k(C2 × C2 × C2) (abelian case),
• kQ8, kD4, where Q8 is the quaternion group (nonabelian case),
• kQ8 , with kQ8 = kC4 ⊕M∗(2, k) as coalgebras (dual of non-abelian case),
• kD4 , with kD4 = kC4 ⊕M∗(2, k) as coalgebras (dual of non-abelian case), or
• B8 = k(C2 × C2)⊕M∗(2, k) as coalgebras, see the definition in Remarks 3.7 and 3.8.
Also recall that every Hopf algebra of dimension 2p is a group algebra or isomorphic to kDp , the dual of
the group algebra on the dihedral group of order 2p.
Proposition 3.6. Let H be a nonsemisimple nonpointed Hopf algebra of dimension 8p. If H has the
Chevalley property, then dimH0 = 4p.
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Proof. Since H is nonsemisimple and nonpointed, we have that dimH0 cannot be 1, 2, 4, p or 8p.
Further, by Theorem 3.5, we also have that dimH0 6= 8. We show that 2p is also impossible.
Assume dimH0 = 2p. Since H is not pointed, we must have that H0 ∼= kDp . Then grH ∼= R#kDp
with R a connected graded Hopf algebra in k
Dp
k
Dp
YD. Let V = R(1) be the vector space of homogeneous
elements of degree one and consider the subalgebra B(V ) of R generated by V ; it is a Nichols algebra of
dimension less than or equal to 4. Since k
Dp
k
Dp
YD ≃ Dp
Dp
YD as braided tensor categories, B(V ) corresponds
to a Nichols algebra B(W ) of dimension less or equal than 4 in
Dp
Dp
YD. For dihedral groups Dn with n odd,
by [AHS, Theorem 4.8] the only possible finite-dimensional Nichols algebra over a simple module in Dn
Dn
YD
comes from the conjugacy class {a, ay, ay2, ..., ayn−1} in Dn and the braiding induced from the category.
So, if W ∈ Dp
Dp
YD and B(W ) is finite-dimensional, then W must contain a simple module isomorphic to
this simple module of dimension p. As B(W ) is graded and the first two homogeneous components satisfy
that B(W )0 = k, B(W )1 = W , we have that dimB(W ) > p. But moreover, if the top degree of B(W )
is m, then by the Poincare´ duality dimB(W )m−i = dimB(W )i. So, at least, dimB(W ) ≥ 2 + p, which is
impossible. 
In the remainder of this subsection we first recall the construction of a family of Hopf algebras of
dimension 8p due to [CDMM], and prove that any nonsemisimple, nonpointed and nonbasic Hopf algebra
of dimension 8p with the Chevalley property is isomorphic to a member of this family.
Remark 3.7. For p ≡ 3 mod 4 the semisimple Hopf algebras of dimension 4p are:
• kΓ with Γ an abelian group of order 4p;
• kD2p and kD2p , where kD2p ∼= k[C2 × C2]⊕M∗(2, k)p−1 as coalgebras;
• kDicp and kDicp , where kDicp ∼= kC4 ⊕M∗(2, k)p−1 as coalgebras;
• A4p, with A4p = kC4 ⊕M∗(2, k)p−1 as coalgebras and A4p ≃ A∗4p (non-trivial self-dual case);
• B4p, with B4p = k(C2 × C2)⊕M∗(2, k)p−1 as coalgebras and B4p ≃ B∗4p.
Here, A4p denotes the k-algebra generated by the elements a, s+ and s− satisfying the relations
(3.1) a2 = 1, as± = s±a, s
2
± = 1, (s+s−)
p = 1.
Let e0 = (1 + a)/2 and e1 = (1− a)/2. Then A4p is a Hopf algebra with
∆(a) = a⊗ a, ε(a) = 1, S(a) = a
∆(s±) = s± ⊗ e0s± + s∓ ⊗ e1s±, ε(s±) = 1, S(s±) = e0s± + e1s∓.
On the other hand, B4p is the Hopf algebra defined in the same way, but replacing the last relation in (3.1)
by (s+s−)
p = a. For more details, see [Mk2, Definition 3.3]. These Hopf algebras were first constructed by
Gelaki, see [Ge1].
If p ≡ 1 mod 4 then there is an additional nonabelian group of order 4p given by the semidirect product
Γ4p = Cp ⋊χ C4, see Subsection 2.3. If Cp = 〈y〉 and C4 = 〈x〉 then χ(x)(y) = y(p−1)/2.
Remark 3.8. If p = 2, the definition of B4p above still makes sense and B8 is the semisimple Hopf
algebra of dimension 8 due to Kac and Paljutkin.
Let N > 1 be an integer and q ∈ k a primitive Nth root of 1. Recall that for n ∈ N
(n)q =
qn − 1
q − 1 , (n)q! = (n)q(n− 1)q · · · (1)q.
Let Rq denote the graded algebra k[y]/(y
N) endowed with a coalgebra structure such that
d0 = 1, d1 = y, d2 =
y2
(2)q!
, . . . , dN−1 =
yN−1
(N − 1)q! ,
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form a divided power sequence in the sense that ∆(dn) =
∑n
i=0 di ⊗ dn−i for 0 ≤ n < N . The homogeneous
component Rq(n) is ky
n(= kdn) and is 0 if n ≥ N .
Definition 3.9. [CDMM, Definition 2.1] A Yetter-Drinfeld (or YD) datum for Rq, is a triple (L, g, χ)
which consists of a Hopf algebra L with bijective antipode, a group-like element g in L and an algebra map
χ : L→ k such that χ(g) = q and
(χ ⇀ h)g = g(h ↼ χ) for all h ∈ L.
Using the YD-datum (L, g, χ) for Rq, one can define the L-action and L-coaction on Rq by:
h · yn = χn(h)yn and δ(yn) = gn ⊗ yn, for n = 0, . . . , N − 1,
so that Rq is a graded braided Hopf algebra in
L
LYD. Conversely, it can be seen that any structure that
makes Rq into a graded braided Hopf algebra in
L
LYD arises uniquely from a YD datum for Rq, see [AS2].
Note that by the above definition q 6= 1 and so g 6= 1. Thus to have a YD datum, it is necessary to have
g 6= 1 in the center of G(L).
Examples 3.10. (a) Let kDicp be the function algebra on the dicyclic group of order 4p. By [CDMM],
this commutative Hopf algebra is generated by the elements a, x satisfying:
a2 = 1, ε(a) = 1, ∆(a) = a⊗ a, S(a) = a,
x2p = 1, ε(x) = 1, ∆(x) = x⊗ e0x+ ax−1 ⊗ e1x, S(x) = e0x−1 + e1x.
Here, e0 = (1+a)/2, e1 = (1−a)/2 and g = (e0+
√−1e1)xp is a group-like element of order 4 that generates
G(kDicp).
A YD-Datum for R−1 = k[y]/(y
2) is given by the triple (kDicp , g, χ), where χ : kDicp → k is the algebra
map defined by χ(g) = −1, χ(a) = 1 and χ(x) = −1.
(b) Consider the semisimple Hopf algebra A4p from Remark 3.7. There exist two YD-Datum for R−1 =
k[y]/(y2), see [CDMM, Theorem 4.3], which are isomorphic to each other. They are given by the pairs
(s+(p), χ2) and (s+(p)a, χ3), where s+(p) = s+s−s+s− · · · (p-times) ∈ G(A4p) and χ2, χ3 are defined by
χ2(a) = −1, χ2(s±) = 1 and χ3(a) = −1 = χ3(s±).
Lemma 3.11. Let H be a nonsemisimple Hopf algebra of dimension 2n with antipode S. Assume that
H has a semisimple Hopf subalgebra K of dimension n. Then,
(a) H has the Chevalley property with K = H0, ord(S2) = 2 and n must be even.
(b) Consider the graded Hopf algebra grH = R#K. Then dimR = 2, R ∼= R−1 as k-algebras, and R
admits a YD-datum structure (K, g, χ).
Proof. (a) Denote by π : H∗ → K∗ the adjoint of the inclusion of K in H and set R = (H∗)coπ.
Then by Proposition 2.5, R = k {1, x}, with x a (1, g)-primitive element, g ∈ G(H∗) and 2 | ord(g). If x is
trivial, then H∗ fits into an exact sequence of Hopf algebras 0→ kC2 → H∗ → K∗ → 0, which implies that
H∗ is semisimple, a contradiction. Thus, x must be nontrivial. In such a case, we know that x2 = 0 and
4 | dimH∗. Thus, n must be even.
Further, as R is left-normal, it follows that h1rS(h2) ∈ R for all h ∈ H∗ and r ∈ R. Moreover, one has
that ε(h1xS(h2)) = ε(x)ε(h) = 0. Since R+ = kx, we conclude h1xS(h2) ∈ kx. Thus, hx = h1xS(h2)h3 =
cxh where c is a scalar, implying H∗x ⊂ xH∗. But in such a case, (R+H∗)2 = (xH∗)2 = xH∗xH∗ =
x2H∗ = 0 so R+H∗ ⊆ J(H∗). As K is semisimple, it holds that J(H∗) ⊂ R+H∗, from which follows that
J(H∗) = R+H∗. Then, K∗ ∼= H∗/R+H∗ and hence K ∼= (H∗/J(H∗))∗ = H0.
Since H is nonsemisimple, 0 = Tr(S2). Moreover, as S2|K = id, S2 induces a linear automorphism S2
on H/K and we have
0 = Tr(S2) = Tr(S2|K) + Tr(S2) = n+Tr(S2) .
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Therefore, Tr(S2) = −n. Note that dim(H/K) = n and S2 is of finite order. This forces S2 = − id and so
the eigenvalues of S2 are ±1. Thus, we have S4 = id. Since H is nonsemisimple, ord(S2) = 2.
(b) Since H is not semisimple, grH is not semisimple. Moreover, as R = (grH)coπ with π : grH ։ K
the canonical projection, we have that dimR = 2. Then by Proposition 2.5, R has basis {1, x} where x is a
nontrivial (1, g)-primitive and x2 = 0. Then we must have that R ≃ R−1 and x ∈ R(1). Since R(1) ∈ KKYD,
there exists an algebra map χ : K → k such that
h · x = χ(h)x for all h ∈ K.
Then by [AS2, Lemma 8.1] and the following remark we have that (K, g, χ) is a YD-Datum for R−1 (see
Definition 3.9).

Definition 3.12. (cf. [CDMM]) DefineH8p as the k-algebra generated by the elements a, x, z satisfying
the relations
a2 = 1, x2p = 1, z2 = a− 1,
ax = xa, az = za, xz = −zx.
It is a Hopf algebra with the coalgebra structure and antipode given by
∆(a) = a⊗ a, ∆(x) = x⊗ e0x+ ax−1 ⊗ e1x, ∆(z) = g ⊗ z + z ⊗ 1
S(a) = a, S(x) = e0x−1 + e1x, S(z) = −g−1z
ε(a) = 1, ε(x) = 1, ε(z) = 0,
where g = (e0 +
√−1e1)xp. Clearly, H8p contains kDicp as a Hopf subalgebra and g is a group-like element
of order 4 that generates G(H8p). Moreover, by [CDMM, Theorem 4.2] we have that H8p is a lifting of a
two-dimensional Nichols algebra over kDicp .
Remark 3.13. Note that the definition above is denoted H8p(1) in [CDMM]. There, the authors define
the Hopf algebra H8p(α) as above except that z2 = α(a − 1). Since we are working over an algebraically
closed field of characteristic 0, H8p(α) is isomorphic to H8p(1) for α 6= 0, and we denote H8p(1) simply by
H8p. Notice that H8p(0) ≃ R−1#kDicp .
Proposition 3.14. The Hopf algebra H8p is a nonsemisimple, nonpointed, nonbasic Hopf algebra of
dimension 8p with coradical kDicp . Moreover, (H∗8p)0 = kC2p ⊕M∗(2, k)p.
Proof. By [CDMM, Theorem 4.2], H8p is a non-trivial lifting of a quantum line R−1 over the semisim-
ple Hopf algebra kDicp . Hence it is nonsemisimple and nonpointed. Since the diagram R−1 is given by the
YD-Datum (kDicp , g, χ), with χ : kDicp → k an algebra map defined by χ(g) = −1, χ(a) = 1 and χ(x) = −1,
we have that dimR−1 = 2 and consequently, dimH8p = 8p.
To finish the proof, we find all simple representations of H8p. Since not all simple representations are
one-dimensional, the algebra is nonbasic.
Let ξ be a primitive 2pth root of unity. Since kDicp is a commutative algebra, all simple representations
are one-dimensional. They are given by the family of k-vector spaces (Vi,j = kvi,j)i∈Z2,j∈Z2p with the action
determined by a · vi,j = (−1)ivi,j and x · vi,j = ξjvi,j .
The one-dimensional representations of H8p are given by the vector spaces Wj = kwj with j ∈ Z2p. The
action is determined by a · wj = wj , x · wj = ξjwj and z · wj = 0. Clearly, Wj ≃ Wℓ if and only if ℓ = j in
Z2p.
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The two-dimensional representations of H8p are given by the vector spaces Ui = kui1+kui2 with i ∈ Z2p.
The action is determined by
a · uij = −uij x · uij = (−1)j−1ξiuij, z · ui1 = ui2, and z · ui2 = −2ui1,
for j = 1, 2. We show now that Ui is simple for all i ∈ Z2p and Ui ≃ Uj if and only if i = j or i = j + p in
Z2p. Clearly, Ui = V1,i ⊕ V1,i+p as kDicp -modules with V1,i = kui1 and V1,i+p = kui2.
Let i ∈ Z2p and assume that Ui is not simple. Since it is two-dimensional, it must contain a one-
dimensional simple module, say spanned by v = βui1 + γu
i
2. Thus, a · v = −v and x · v = µv for some 2pth
root of unity µ. Since x · v = βξiui1 − γξiui2, it follows that µ = ξi and v = βui1 or µ = −ξi = ξi+p and
v = γui2. But this is impossible, because z would not stabilize v.
Let ϕ : Ui → Uj be a morphism of H8p-modules. Since both modules are simple, we have that ϕ = 0 or
ϕ is an isomorphism. Assume that ϕ 6= 0. Then ϕ(ui1) must be an eigenvector of x in Uj of eigenvalue ξi,
since the eigenvalues of x in Uj are ±ξj, the claim follows. Consequently, we have at least p isomorphism
classes of two-dimensional simple modules.
Then dim(H∗8p)0 ≥ 6p with group-likes of order at least 2p. By [BG, Proposition 3.2], H∗8p has a
nontrivial skew-primitive element and so the dimension of the linear space spanned by the nontrivial skew-
primitive elements is at least 2p. Thus, (H∗8p)0 = kC2p ⊕M∗(2, k)p as claimed. 
Theorem 3.15. Let H be a nonsemisimple, nonpointed, nonbasic Hopf algebra of dimension 8p with
the Chevalley property. Then H is isomorphic either to R−1#A4p or H8p.
Proof. By Proposition 3.6, we know that dimH0 = 4p. If we denote A = grH , then we have that
A = R#H0 and by Lemma 3.11, R = R−1 admits a YD-datum given by (H0, g, χ) for some g ∈ G(H0) and
χ : H0 → k. If p ≡ 3 mod 4, we have four possibilities (up to isomorphism) for H0: A4p, B4p, kD2p and
kDicp . If p ≡ 1 mod 4, there is an additional possibility given by kΓ4p .
First we show that the cases B4p, k
D2p , kΓ4p are impossible. By [CDMM, Theorem 4.4], there is no
YD-datum for R when H0 = B4p and so the first case is impossible. For H0 = k
D2p , by [CDMM, Theorem
4.1] there is one YD-datum but it admits no lifting. This implies that H = A = R−1#k
D2p from which
follows that H∗ ≃ R∗−1#kD2p is pointed, a contradiction. Finally, let H0 = kΓ4p and assume that there
exists a braided Hopf algebra R of dimension 2 such that A = R#kΓ4p . Then A∗ ≃ R∗#kΓ4p, where R∗ is
a braided Hopf algebra in
Γ4p
Γ4p
YD. Since this category is semisimple, R∗ is a sum of simple modules. But
since the simple modules in
Γ4p
Γ4p
YD have dimensions 1, 4 or p by Table 1, R∗ must be the sum of two simple
one-dimensional modules of the form M(O, ρ) with O = {1}. This is impossible, because R∗ would contain
the Nichols algebra generated by these modules and the later are infinite-dimensional by Lemma 2.6.
If H0 = A4p, then by [CDMM, Theorem 4.3] R admits a unique (up to isomorphism) YD-datum and
it has no lifting. Thus H = A = R−1#A4p; in this case, H is a self-dual Hopf algebra. If H0 = k
Dicp , then
by [CDMM, Theorem 4.2], A = R−1#k
Dicp has a nontrivial lifting isomorphic to H8p. 
We end this section with the classification of Hopf algebras of dimension 8p with the Chevalley property.
The determination of the pointed Hopf algebras in this case follows essentially from the results of Nichols,
Gran˜a ([Ni], [Gr1, Gr2]), and several authors that contributed to the solution of the abelian case, among
them Andruskiewitsch, Schneider, Heckenberger and Angiono, see for example [AA].
Theorem 3.16. Let H be a nonsemisimple Hopf algebra of dimension 8p with the Chevalley property.
(a) Assume H is pointed. Then H is isomorphic to one of the Hopf algebras constructed in [Gr1].
(b) Assume neither H nor H∗ is pointed. Then H is isomorphic either to R−1#A4p or H8p.
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Proof. (a) Assume H is pointed. Then |G(H)| ∈ {2, 4, 8, 2p, 4p}. The cases |G(H)| = 2 and 8 are
impossible by [Ni, Theorem 4.2.1] and [Gr1, Corollary 4.1], respectively, because dimH would be a power
of 2. The case |G(H)| = 4 is also impossible for the same reason, although the result is due to several
authors working on pointed Hopf algebras over abelian groups. For details see for example [AA]. Finally, if
|G(H)| = 2p or 4p, then H is isomorphic to one of the Hopf algebras constructed in [Gr1], since dimH|G(H)| < 32.
(b) Assume H is neither pointed nor basic. Then H is isomorphic either to R−1#A4p or H8p by Theorem
3.15. 
4. Nonsemisimple Hopf algebras of dimension 24
We end the paper with some structural results on nonsemisimple Hopf algebras of dimension 24.
Throughout this section H will be a nonsemisimple Hopf algebra of dimension 24. We begin with the
following lemma.
Lemma 4.1. If G(H) is nontrivial, then H has a nontrivial skew-primitive element.
Proof. It suffices to prove the same statement for H∗. Note that H∗ having the Chevalley property is
equivalent to the k-linear full subcategory generated by the simple H-modules being a fusion subcategory of
H-mod.
Suppose G(H∗) is nontrivial and H∗ has only trivial skew-primitive elements. Then H has a nontrivial
1-dimension H-module, and Ext(k, kβ) = Ext(kβ , k) = 0 for all β ∈ G(H∗). Thus, P (k)/J2P (k) has a
simple H-submodule V such that dimV ≥ 2.
(i) We first observe that dimV = 2 otherwise dim V ≥ 3 and so
dimH ≥ |G(H∗)| dimP (k) + dimV dimP (V ) ≥ 2 · 5 + 3 · 7 > 24.
(ii) We claim that if W is another simple H-module with dimW > 1, then W is projective with
dimW = 2. Since
dimH ≥ |G(H∗)| dimP (k) + dimV dimP (V ) + dimW dimP (W ) ≥ 2 · 4 + 2 · 5 + dimW dimP (W ) .
This forces dimW dimP (W ) ≤ 6, and hence dimW = dimP (W ) = 2. In particular, W is projective.
(iii) Since V is the unique simple H-module with dimV > 1 that is not projective, V ∗ ∼= V and
kβ ⊗ V ∼= V ∼= V ⊗ kβ for all β ∈ G(H∗). Since P (kβ) ∼= kβ ⊗ P (k), V is a simple H-submodule of
P (kβ)/J
2P (kβ). This implies that
∑
β∈G(H∗) kβ is an H-submodule of P (V )/J
2P (V ), and hence
dimP (V ) ≥ |G(H∗)|+ 2dimV = |G(H∗)|+ 4 ≥ 6 .
(iv) |G(H∗)| = 2 for otherwise dimP (V ) ≥ 7 and so
dimH ≥ |G(H∗)| dimP (k) + 2 dimP (V ) ≥ 3 · 4 + 2 · 7 > 24.
(v) We now claim that V is the unique simple H-module with dimV > 1. Suppose not. By (ii), there
is a 2-dimensional simple projective H-module W . The inequality
dimH ≥ 2 dimP (k) + 2 dimP (V ) + (dimW )2 ≥ 2 · 4 + 2 · 6 + 2 · 2 = 24
implies that W is the unique simple projective H-module,
dimP (k) = 4 and dimP (V ) = 6.
Therefore, W ∼= W ∗ and kα ⊗W ∼= W ∼= W ⊗ kα, where α ∈ G(H∗) is the nontrivial group-like element.
Since W is projective, so is W ⊗W ∗. Therefore, W ⊗W ∗ is a direct sum of indecomposable projective
H-modules. However, W ⊗W ∗ maps surjectively onto k and kα which implies P (k)⊕ P (kα) is a summand
of W ⊗W ∗. This is absurd as dim(W ⊗W ∗) = dimP (k) = dimP (kα) = 4.
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(vi) Let m be the multiplicity of V as a composition factor of P (k). Then, by (iii), m is also the
multiplicity of V as a composition factor of P (kα). Since k is algebraically closed of characteristic zero,
dimP (V ) is the multiplicity of V in the composition factors of H (cf. [CR, Theorem 54.19]). By (v), we
have
H = P (k)⊕ P (kα)⊕ 2P (V ).
As V is composition factor of P (k), we have that m > 0. Since dimSoc(P (V )) = dim V = 2, Soc(P (V )) = V
and hence [P (V ) : V ] ≥ 2. Therefore, dimP (V ) ≥ 2m+ 4. Thus, the inequality
dimH = 2dimP (k) + 2 dimP (V ) ≥ 2(2 + 2m) + 2(2m+ 4) = 4(2m+ 3)
forces m = 1. In particular, dimP (k) = 4. Now we have
dimH = 2 · 4 + 2 dimP (V ) ,
and so dimP (V ) = 8.
(vii) Since P (kβ)⊗V is projective for any β ∈ G(H∗) and it maps surjectively onto V , P (V ) is a summand
of P (kβ)⊗ V . This implies P (kβ)⊗ V ∼= P (V ) by comparing dimensions. Similarly, V ⊗ P (kβ) ∼= P (V ).
(viii) We now prove that H∗ having the Chevalley property means that the k-linear abelian full subcat-
egory generated by k, kα and V is closed under the tensor product of H-mod. Since
dimHomH(P (kβ), V ⊗ V ) = dimHomH(V ∗ ⊗ P (kβ), V ) = dimHomH(P (V ), V ) = 1,
the multiplicity of the kβ as a composition factor of V ⊗ V is 1. The dual basis map db : k → V ⊗ V ∗
and the evaluation map ev : V ∗ ⊗ V → k are nonzero H-module maps, so are kβ ⊗ db and kβ ⊗ ev for all
β ∈ G(H∗). Therefore, both k and kα are summands of V ⊗ V , and hence V ⊗ V ∼= V ⊕ k ⊕ kα. By (iii),
the k-linear abelian full subcategory D generated by k, kα and V is a fusion subcategory of H-mod.
(ix) By the reconstruction theorem, D is monoidally equivalent to H-mod for some semisimple quotient
Hopf algebra H of H . Since dimH = 1+ 1+ 22 = 6, it follows from the classification of 6-dimensional Hopf
algebras that H ∼= kS3. Thus, kS3 ∼= (H∗)0 but this contradicts that the smallest Hopf algebras with the
Chevalley property and the coradical isomorphic to kS3 is of dimension 72 [AV]. This completes the proof
of this lemma. 
Corollary 4.2. If H andH∗ do not have the Chevalley property, then both H and H∗ have a nontrivial
skew-primitive element.
Proof. By [BG, Lemma 4.25], |G(H)| and |G(H∗)| are even. The statement then follows immediately
from Lemma 4.1. 
Proposition 4.3. Let H be a nonbasic Hopf algebra of dimension 24 without the Chevalley property.
Then H is generated by its coradical.
Proof. Let K be the Hopf subalgebra of H generated by the coradical H0. As H is nonpointed,
dimH0 > 4. Since 6-dimensional Hopf algebras are semisimple, dimK = 8, 12 or 24. Since H does not
have the Chevalley property, then K 6= H0 and K is nonsemisimple and nonpointed. Consider the standard
filtration associated to K and write grH = R#K, see [AC].
Assume dimK = 8. In such a case, dimR = 3. Let V be an indecomposable Yetter-Drinfeld submodule
of R(1) and consider the subalgebra L of R generated by V . Note that L is not necessarily a Nichols algebra
since it might contain primitive elements in degree bigger than one. In any case, there is a projection
L ։ B(V ) and consequently dimL ≥ dimB(V ). This implies by [GG, Theorem A] that V is simple and
dimV = 1 or 2. The latter case is impossible since dimB(V ) > 3. In the former case, by [GG, Proposition
13
3.2] it follows that dimL = 2, which is impossible, since grH would contain a Hopf subalgebra of dimension
16.
Assume now that dimK = 12. In such a case, dimR = 2. By the classification result of Natale [Na] (see
also [CN]), there is a unique Hopf algebra (up to isomorphism) whose coradical is not a Hopf subalgebra.
It is the dual of a pointed Hopf algebra; denote it by C. As before, let V be an indecomposable Yetter-
Drinfeld submodule of R(1) and consider the subalgebra L of R generated by V . Since dimR(0) = 1 and so
dimR(1) = 1. Let x be a nonzero element of R(1). Then x2 = 0 and so R ∼= R−1. In particular, R∗ ∼= R as
algebras and coalgebras. Thus by [X, Theorem B], H is isomorphic to bosonization
∧
kχ#C. This implies
that H∗ ≃ ∧ kχ#C∗ and whence H would be basic, a contradiction. 
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